In this paper, we prove the following "Weak Bounded Negativity Conjecture", which says that given a complex smooth projective surface X, for any reduced curve C in X and integer g, assume that the geometric genus of each component of C is bounded from above by g, then the self-intersection number C 2 is bounded from below.
Introduction
The so called Weak Bounded Negativity Conjecture (Conjecture 1.2) is motivated by the study of the old folklore conjecture "Bounded Negativity Conjecture", which is stated as follows. In this paper, we consider the following Weak Bounded Negativity Conjecture. 
Conjecture 1.2 (Weak Bounded
NegativityC 2 ≥ K 2 X − 4c 2 (X) − 4g(C) + 4,C 2 ≥ K 2 X − 3c 2 (X) + 2 − 2g(C)O X (−K X ) is the anti-canonical line bundle of X. We denote dimH 0 (X, O X (D)) by h 0 (D), for any divisor D on X.
Surface X with
For this case, we have the following simple observation.
Lemma 2.1.1: Given a smooth projective surface X over C with
then the Weak Bounded Negativity Conjecture holds for integral curves in X.
Proof. Since h 0 (−K X ) > 0, we can choose an effective divisor in the linear system | − K X | and still call it −K X . Note that it contains only finitely many integral negative curves with negative self-intersection. Then for any other integral curve C which are not in the components of −K X , we have by genus formula
where g a (C) is the arithmetic genus of C. Therefore we have
Since −K X is effective and C is not in the components of −K X , we have C 2 ≥ −2.
Note that the bound in this case does not depend on the geometric genus of C.
Example 2.1.2: Consider the minimal rational surfaces: Hirzebruch surfaces Σ n .
Note first K 2 Σn = 8. By Riemann-Roch formula, we have
Since Σ n is a rational surface, we have h
On the other hand, we know that there is only one negative curve on Σ n , with selfintersection −n. Then by the above lemma, we know that if n > 2, the negative curve is contained in an effective representative of −K Σn .
Surface X with
In this subsection, we will use the invariant h 0 (m(K X + C)) of curves on a surface to divide the problem into two cases.
Lemma 2.2.1: Given a smooth projective surface X with h 0 (−K X ) = 0, and an
Riemann-Roch formula and genus formula for curves on surfaces, we have
Since h 0 (−K X ) = 0 and C is effective, h 0 (−K X − C) = 0. Thus we get (1) P is nef; 
is effective, and if N = 0 then the intersection matrix
pseudo-effective divisor. By Theorem 2.2.3, K X + C admits a Zariski decomposition K X + C = P + N , with P the nef part. Then by Theorem 2.2.5, we get the following inequality
Note that N 2 ≤ 0 by property (2) of the Zariski Decomposition Theorem. Thus we have
. Note also that by genus formula, we have
Next we will modify the strategy in the proof of Theorem 1.4 to prove the Weak Bounded Negativity Conjecture for integral curves. Considering Lemma 2.2.1 and Corollary 2.2.6, to prove the Weak Bounded Negativity Conjecture for integral curves, it suffices to prove the following theorem.
Theorem 2.2.7: Let X be a smooth projective surface with H 0 (X, −K X ) = 0, and C ⊂ X be an integral curve with
First we have the following simple observation. Lemma 2.2.8: Let X be a smooth projective surface with H 0 (X, −K X ) = 0, and p be
where E is the exceptional divisor of the blow up. Thus h 0 (−KX) = 0.
By Lemma 2.2.8, given a surface X with h 0 (−K X ) = 0, a blow up of X will satisfy the same property. Thus to prove theorem 2.2.7, it suffices to prove the following lemma. 
Proof. Note that we have
.
only depend on X in the blow-up procedure. Thus we may denote
Then we have
and N (X) + 4 = N (X).
There are three cases
In this section, we will prove the Bounded Negativity Conjecture for the general reduced curves case, based on the results we get in section 2. However, the idea of the proof of the following theorem comes from the proof of [Bau1, ). Then C = P + N , where P is nef and effective and N = Σ r i=1 a i E i is effective. Then
Since C is reduced and P , N are effective, we have a i ≤ 1. By Hodge Index Theorem, and matrix [E i · E j ] is negative definite, we have r ≤ h 1,1 − 1. Also, by Corollary 3.0.4, 
